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Abstract

We propose a modified layered structure for multiple-input multiple-output (MIMO) systems,
where the layer detection order is fixed and the data rate for each layers i allocated based on
the detection order and channel statistics. With Gaussian approximation of layer capacities, we
derive the optimum data rate allocation and the amount of backoff from mean layer capacity is
proportional to the standard deviation of the layer capacity. The minimum overall outage prob-
ability of a layered system is uniquely determined by the normalized capacity margin. We then
investigate how to select the total information rate to maximize effective throughput. Simula-
tion results show significant performance improvement with the proposed algorithm, and the
performance gap between layered structure and the channel capacity diminishes with increasing
ergodicity within each codeword.
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Abstract— We propose a modified layered structure for
multiple-input multiple-output (MIMO) systems, where the layer
detection order is fixed and the data rate for each layer is
allocated based on the detection order and channel statistics.
With Gaussian approximation of layer capacities, we derive the
optimum data rate allocation and the amount of backoff from
mean layer capacity is proportional to the standard deviation
of the layer capacity. The minimum overall outage probability
of a layered system is uniquely determined by the normalized
capacity margin. We then investigate how to select the total
information rate to maximize effective throughput. Simulation
results show significant performance improvement with the
proposed algorithm, and the performance gap between layered
structure and the channel capacity diminishes with increasing
ergodicity within each codeword.

I. I NTRODUCTION

Ever since the revelation of the huge capacity of MIMO
systems was shown by information theoretic analysis [1] [2],
great effort has been made by numerous researchers to design
a practical system that approaches this attractive capacity.

In space-time coding, a single data stream is encoded
and mapped to signals to be transmitted via all transmit
antennas. In [3],bit interleaved coded modulation(BICM)
with list sphere decoding and iterative channel decoding has
been shown to successfully approach the capacity of MIMO
channels for low and medium rate transmission and moderate
number of transmit antennas. For the case of a large number of
transmit antennas or high order modulation, the performance
gap becomes large, due to the limit of list size used in sphere
decoding.

In layered systems, such asvertical Bell Labs layered space-
time structure(V-BLAST) proposed by Foschini [4] [5], the
input data stream is demultiplexed, independently coded using
1-dimensional coding, and sent via different transmit antennas
simultaneously. The received signal from each substream is
separated by nulling according tozero-forcing (ZF) or min-
imum mean square-error(MMSE) criterion andsuccessive
interference cancellation(SIC).

The simplicity of layer processing makes the layered struc-
ture a very promising candidate for systems with many
transmit antennas and higher order modulation. However, in
the original layered system, the input data is evenly divided
into substreams and all layers have the same code rate.
Due to the loss of signal energy and degree of freedom
by nulling, the channel quality for the layers to be first
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detected frequently can not support reliable transmission with
the given layer data rate and those layers are more error-
prone. To remedy this problem, optimum detection ordering
has been proposed [6]. The idea is to always select the layer
with the best channel quality among the remaining layers
to be detected first. The drawback of detection ordering is
the high computational complexity, especially in frequency-
selective channels, such as wide-bandorthogonal-frequency-
division-multiplexing (OFDM) systems, where the channel
responses are different for different subcarriers. Another issue
is that the channel quality difference between different layers
tends to decrease with increasing frequency-selectivity, making
the gain of using optimum detection order less significant.
Therefore, the original V-BLAST system can only achieve a
portion of the system capacity, even with optimal detection
ordering.

Based on the observation above, we suggest that fixing the
detection order while adapting the data rate for each layer
depending on the detection order is a more promising solution
for frequency-selective channels. Intuitively, the data rate
should increase for later layers corresponding to the increasing
channel quality for later detection stages. An interesting fact
has been discovered that if we properly select the rate for each
layer, the sum of capacities of all layers (with perfect SIC) is
exactly the instantaneous open-loop capacity [7] [8].

To achieve the open-loop capacity, instantaneous rate feed-
back is needed. However, for channels with high frequency
selectivity or enough time variation, the variation of layer
capacities tend to decrease, as suggested by the law of large
numbers. Thus, we can approach the open-loop channel ca-
pacity by statistically determining the rate for each layer with
small penalty. Our approach is to minimize the overall layer
outage probability given the total information rate.

The paper is organized as follows. The system model
is briefly introduced in Section II, and the optimum rate
allocation is derived in Section III. Section IV investigates
the total rate selection for maximum effective throughput.
Simulation results are given in Section V and the paper is
concluded in Section VI.

II. SYSTEM MODEL

In a flat-fading MIMO system withNt transmit andNr

receive antennas (Nt ≤ Nr), the relationship between trans-
mitted and received signals can be expressed as

r = Hs + n,



where r is a Nr × 1 received signal vector,s is a Nt × 1
transmitted signal vector, andH is aNr×Nt channel matrix.
The Nr × 1 noise vectorn has entries being independent
and identically distributed (i.i.d.) zero-mean circular complex
Gaussian random variables with varianceN0. Assume each
transmit antenna has the same transmit power, the instanta-
neous open-loop channel capacity is then [1]

C(H, SNR) = log2 det
(

INr
+

SNR

Nt
HHH

)
,

whereINr is aNr×Nr identity matrix and SNR is the signal-
to-noise ratio.

III. R ATE ALLOCATION FOR LAYERED SYSTEMS

In the proposed system, the detection order is fixed and
the data rate for each layer is adjusted according to the
channel quality and detection order of that particular layer.
Without loss of generality assume the order of detection is
from transmit antenna 1 toNt. The instantaneous information
rate to be allocated to transmit antennal is [7] [8] [9]

Cl = log2 det
(

INr +
SNR

Nt
H(l−1)H

H
(l−1)

)

− log2 det
(

INr +
SNR

Nt
H(l)H

H
(l)

)
,

whereH(l) = [hl+1 hl+2 · · · hNt ], and hl is the lth column
of H. It is obvious thatH(0) = H.

It has been observed by various researchers that the distribu-
tion of the capacity of a MIMO channel, Rayleigh or Ricean,
can be accurately approximated by a Gaussian distribution at
medium and high SNR’s [10] [11]. Thus the instantaneous
capacity of each layer is also Gaussian distributed, denoted as

Cl ∼ N
(
ηl, σ

2
l

)
,

whereηl andσ2
l are the mean and variance of the capacity of

layer l, respectively.
In order to properly select data rates for different layers,

we choose to minimizePout, the outage probability of a
layered system, which is the probability when no layers have
information rates greater than the respective layer capacities,
i.e.,

1− Pout =
Nt∏

l=1

∫ ∞

ul

1√
2πσl

e
− (t−ηl)

2

2σ2
l dt,

subject to the constraint that the total information rate is fixed,

Nt∑

l=1

ul = CT .

Let

ul = xl + ηl.

By setting up the equivalent Lagrangean, we try to find
stationaries points, i.e.,

J = ln

(
Nt∏

l=1

∫ ∞

xl

1√
2πσl

e
− t2

2σ2
l dt

)

−λ

(
Nt∑

l=1

xl +
Nt∑

l=1

ηl − CT

)
.

We can easily verify that the stationary point satisfy

−
1√

2πσl
e
− x2

l
2σ2

l

1√
2πσl

∫∞
xl

e
− t2

2σ2
l dt

= λ, l = 1, 2, · · · , Nt.

Since we are only interested in the case when the input data
rate is set such that reliable transmission is guaranteed most
of the time, we assume that the outage probability given the
total information rate is small, or equivalently,xl < 0, and
|xl| À σl. Thus,

1√
2πσl

∫ ∞

xl

e
− t2

2σ2
l dt ≈ 1,

and
x2

l

σ2
l

+ ln σl ≈ x2
l

σ2
l

,

with proper rescaling, sinceσl’s have magnitudes of the same
order.

We then have

x∗l ≈
σl∑Nt

m=1 σm

(
CT −

Nt∑
m=1

ηm

)
,

and the optimum rate for layerl is

u∗l ≈ ηl +
σl∑Nt

m=1 σm

(
CT −

Nt∑
m=1

ηm

)
. (1)

Therefore, the outage probability for each layer is

P ∗l =
∫ x∗l

−∞

1√
2πσl

e
− t2

2σ2
l dt

=
∫ CT−

PNt
m=1 ηmPNt

m=1 σm

−∞

1√
2π

e−
t2
2 dt,

which is the same for all layers. Thus, the optimum data rate
allocation is that the data rate for each layer is backed off from
the mean capacity of the layer, and the amount of backoff is
proportional to the standard deviation of the layer capacity,
which agrees with our intuition that more backoff is needed for
the more fluctuant channel. In addition, the minimum overall
layer outage probability is achieved when each layer has the
same layer outage probability. Define the normalized capacity
margin as

ϕ
∆=

∑Nt

m=1 ηm − CT∑Nt

m=1 σm

.



The optimum overall layer outage probability is then

P ∗out = 1−
Nt∏

l=1

(1− P ∗l )

= 1−
(∫ ∞

−ϕ

1√
2π

e−
t2
2 dt

)Nt

,

which states the interesting fact that the minimum overall layer
outage probability of a layered system is uniquely determined
by the normalized capacity margin.

Using the asymptotic expansion [12],

∫ ∞

x

e−
t2
2 dt ≈ e−

x2
2

x

(
1− 1

x2
+

1 · 3
(x2)2

· · ·
)

, x À 0, (2)

then

P ∗out ≈
Nt√
2πϕ

e−ϕ2/2.

Similarly, we can derive the asymptotic outage probability
of the MIMO channel with the same overall information rate
CT as

Pch ≈ 1√
2πϕch

e−ϕ2
ch/2,

where

ϕch =
ηch − CT

σch
,

ηch is the ergodic MIMO channel capacity, andσ2
ch is the

variance of the MIMO channel capacity. Note that

ηch =
Nt∑

l=1

ηl,

and

σch ≤
Nt∑

l=1

σl,

since

E





(∑

l

vl

)2


 ≤

(∑

l

√
E {v2

l }
)2

,

for any set of random variables{vl’s}.
Thus,

ϕch ≥ ϕ,

and

Pout ≥ P ∗out ≈
Nt√
2πϕ

e−ϕ2/2 ≥ Nt
1√

2πϕch

e−ϕ2
ch/2 ≈ NtPch,

which implies that with the same overall information rate, the
asymptotic outage probability of layered structure is at leastNt

times that of the MIMO channel. However, the low complexity
of layered structure makes it still a good candidate for high-
speed wireless systems.

IV. RATE SELECTION FORMAXIMUM EFFECTIVE

THROUGHPUT

In the previous section, we have introduced our algorithm
of optimum statistical data rate allocation for a given total
data rate. In practice, we want to use the channel to transmit
as much information as possible. If the total data rate is too
low, the total successfully transmitted information is limited
by the total amount of information during each transmission
even though each transmission is correctly detected. On the
other hand, if the total data rate is set too high, almost every
transmission is lost because of the high outage probability.
Therefore, we expect a best total data rate at each SNR that
maximizes the effective throughput. In this section, we will
specify the condition that the best total data rate satisfies with
Gaussian approximation of layer capacities.

Ceff = CT ∗(1−Pout) = CT




∫ ∞

CT−
PNt

m=1 ηmPNt
m=1 σm

1√
2π

e−
t2
2 dt




Nt

.

∂

∂Ceff
=

∂

∂CT





CT




∫ ∞

CT−
PNt

m=1 ηmPNt
m=1 σm

1√
2π

e−
t2
2 dt




Nt





= 0.

It is easy to verify that the stationary point satisfies

∫ ∞

CT−
PNt

m=1 ηmPNt
m=1 σm

e−
t2
2 dt− Nt∑Nt

m=1 σm

e−

0@CT−
PNt

m=1 ηmPNt
m=1 σm

1A2

2 = 0,

(3)
which is not easy to solve. Instead, we try to derive an
asymptotic solution as

∑Nt

m=1 σm tends to zero. Using the
same expansion as in Equation (2), Equation (3) becomes

∫ ∞

CT−
PNt

m=1 ηmPNt
m=1 σm

e−
t2
2 dt− Nt∑Nt

m=1 σm

e−

0@CT−
PNt

m=1 ηmPNt
m=1 σm

1A2

2

≈
√

2π + e−

0@CT−
PNt

m=1 ηmPNt
m=1 σm

1A2

2

{ ∑Nt

m=1 σm

CT −
∑Nt

m=1 ηm

− Nt∑Nt

m=1 σm

}

≈
√

2π − e−

0@CT−
PNt

m=1 ηmPNt
m=1 σm

1A2

2
Nt∑Nt

m=1 σm

=0.

Therefore,

C∗T ≈
Nt∑

m=1

ηm −
Nt∑

m=1

σm

√
2 ln

Nt√
2π

∑Nt

m=1 σm

. (4)

To summarize, the rate adaption of the proposed system
is in two steps. First, the mean and standard deviation of
layer capacities are used to determine the total information
rate of the system by Equation (4). Then the data rate of each
layer is determined by Equation (1), depending on the channel



statistics and detection order of the layer. Note that some SNR
margin may be necessary due to the fact that the coding in
practical systems is not capacity-approaching.

V. SIMULATION RESULTS

First, we use the outage probability to evaluate the perfor-
mance gap between layered structure and the MIMO channel.
We compare the outage probability of a 2x2 OFDM system
with layered structure with the channel outage probability,
which may serve as lower bounds ofword-error-rate (WER)
of practical systems. The OFDM symbol structure conforms
to the IEEE 802.11a PHY standard in the 5 GHz band. IEEE
802.11 TGn channel models ’B’ and ’D’ generated by the
Matlab program available at [13] are used. Figures 1 and 2
give the outage probability comparison for channels ’B’ and
’D’, respectively. Channel ’B’ has a shorter delay spread than
channel ’D’, thus has less frequency-selectivity. The outage
probabilities of equal-rate V-BLAST systems are also shown.
The total information rate per subcarrier is 9 bits, and the rate
allocation is optimized for SNR=24 dB.

It can be seen that for an outage probability of 1%, the
gap between outage probability of the channel and that of
the proposed system reduces from 3.6 dB for channel ’B’
to 1.5 dB for channel ’D’. It can be explained by the fact
that increased frequency-selectivity reduces the variation of
each layer capacity. The SNR improvement for an outage
probability of 1% is 6.3dB and 3.6dB for channel ’B’ and
’D’, respectively. From Figure 2, it is obvious that the outage
probability with optimum rate allocation levels off at higher
SNR’s. The reason is that the rate allocation is optimized for
a particular SNR, and the optimum rates are not the same
for all SNR’s. As SNR varies, some of the layers become a
bottleneck.
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Fig. 1. Outage probability of a 2x2 layered system with statistical rate
allocation, channel model ’B’.

Next, to demonstrate the performance of rate allocation,
simulation is carried out for a 2x2 layered system with statisti-
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Fig. 2. Outage probability of a 2x2 layered system with statistical rate
allocation, channel model ’D’.

cal rate allocation. Comparison is made between the proposed
system and the conventional system with equal rate allocation,
given the same or similar total input information rate. Perfect
channel estimation and synchronization is assumed. 1000B
data in total is transmitted in each packet and 10,000 packets
are sent for each SNR. A 2x2 conventional layered system
with equal rate allocation is provided for comparison. In
the conventional system, each substeam is coded using rate
3/4 industry standard convolutional coding, interleaved, and
modulated using 64QAM constellation. Two substreams are
then sent simultaneously, resulting in a total data rate of 108
Mbps.

Due to the limited number of supported data rates in a
practical system, only BPSK, QPSK, 16QAM, and 64QAM
with convolutional coding of code rate 1/2, 2/3, 3/4, and
7/8 may be used for transmission of each layer. Therefore,
the optimum data rates has to be quantized to the closest
supported transmission modes. The nominal total information
rate as input to the rate allocation algorithm is set such that the
resultant total information rate after rate allocation is as close
to that of the conventional system as possible to make the
comparison reasonable. The rate allocation is optimized for
the lowest SNR such that the optimum overall layer outage
probability is below 1%. The optimized rates are then shown
in Table I and Table II, for channel ’B’ and ’D’, respectively.

TABLE I

TRANSMISSION MODES OF DIFFERENT LAYERS IN A2X2 SYSTEM WITH

STATISTICAL RATE ALLOCATION , CHANNEL MODEL ’B’.

Detection
order Modulation Code rate

Layer data
rate (Mbps)

1 16QAM 3/4 36
2 64QAM 7/8 63

Therefore, the total data rate is 99 Mbps and 111 Mbps,



TABLE II

TRANSMISSION MODES OF DIFFERENT LAYERS IN A2X2 SYSTEM WITH

STATISTICAL RATE ALLOCATION , CHANNEL MODEL ’D’.

Detection
order Modulation Code rate

Layer data
rate (Mbps)

1 64QAM 2/3 48
2 64QAM 7/8 63

respectively, as compared to the 108 Mbps of the conventional
layered system.

In Figure 3, the WER’s of the proposed system and the
conventional layered system are shown. For a WER of 10%,
the proposed system provides an SNR gain of about 5 dB and
3 dB for channel model ’B’ and ’D’, respectively.
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Fig. 3. WER of a 2x2 layered system with statistical rate allocation, 1000B
packet, channel model ’B’ and ’D’.

The effective throughput of the same system is shown in
Figure 4. It is seen that with the same SNR, the proposed
system yields a maximum increase of about 38 Mbps and
32 Mbps in effective throughput, for channel ’B’ and ’D’,
respectively, while maintaining similar peak data rate.

VI. CONCLUSION

In this paper, we propose a modified layered structure,
where the detection order is fixed and the data rate for
each layer is determined by the detection order and channel
statistics. With Gaussian approximation of layer capacities, op-
timum data rate allocation algorithm and total information rate
selection for maximum effective throughput are derived. Simu-
lation results show significant performance improvement over
the original V-BLAST structure and the system performance
improves with increasing ergodicity within each codeword,
making it promising for frequency-selective channels.
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